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Abstract.--The standard deviat ions of the  g r a v i t a t i o n a l  p o t e n t i a l  and of 
the  geocentr ic  radius  of an equ ipo ten t i a l  surface are de- 
r ived  from the  numerical r e s u l t s  obtained by I. Izsak and 
Y. Kozai i n  t h e i r  la tes t  determinations of the  t e s s e r a l  
and zonal  coe f f i c i en t s ,  respect ively.  The e r r o r  influences 
of the zonal and t e s s e r a l  terms and t h e i r  combined influence 
a r e  given f o r  d i f f e r e n t  sect ions of outer  space. 
The geopotent ia l  i n  f r e e  space i s  usual ly  wr i t ten  
where t h e  Legendre associated funct ions are  defined as 
m dmpn(sin c p )  
Pnm(sin c p )  = cos cp m 
d (  s i n  c p )  
We assume t h a t  only t h e  harmonic coef f ic ien ts  C 
and compute t h e i r  inf luence on the  poten t ia l  U or, what i s  equivalent, t h e  
accuracy wi th  which t h e  undulations and/or t h e  geocentr ic  rad ius  r of an equi- 
p o t e n t i a l  sur face  can be determined. 
S a re  a f fec ted  by e r r o x  nm’ nm 
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Geodesist, Smithsonian Astrophysical Observatory, Cambridge, Massachusetts. 
If w e  wr i te  equation (1) i n  t h e  general  form 
( 2 )  F(U,r, Cnm, Snm) = 0 , n = 2,3, . . . ; O s m S n ,  
we obtain by d i f f e ren t i a t ion  along an equipa ten t ia l  surface ( U  = const)  
n n 
( 3 )  aF -dr+x x x d C n m +  Z E d S  nm = 0 ,  
n=2 m = l  nm 
a r  
n=2 EO 
or, a f t e r  s p l i t t i n g  up t h e  funct ion i n t o  an even zonal, an odd zonal., and a 
t e s s e r a l  ( s e c t o r i a l )  par t :  
aF aF 
- - a r  dr  = x ac2u-2 dC2u-2 0 
u =2 
dC2u-l 0 
u=2 
(even zonal) 
( odd zonal) (4) 
v = 2,3, ... . 
The upper l i m i t  i n  t h e  summation over n and D, respect ively,  depends on t h e  
degree of t h e  harmonic coe f f i c i en t s  under considerat ion.  
The zonal coef f ic ien ts  Cno i n  t h e  above equations a re  computed from 
t h e  secular motions of t h e  perigee and t h e  longi tude of t h e  ascending node 
f o r  even zonal harmonics, and from t h e  amplitudes of t h e  long-periodic Varia- 
t i ons  of the o r b i t a l  elements f o r  odd zonal harmonics, while t h e  tessera l .  
coef f ic ien ts  a re  usual ly  determined from t h e  r e s idua l s  as obtained by a d i f -  
f e r e n t i a l  o rb i t  improvement. By using a least-squares  adjustment procedure, 
Kozai (1964) ge ts  a normal matrix 7 X 7 f o r  t h e  7 even zonal coe f f i c i en t s  
and a matrix 6 x 6 f o r  t h e  6 odd zonal coe f f i c i en t s ,  while Izsak  (195) 
obtains the t e s s e r a l  ( s e c t o r i a l )  coe f f i c i en t s  up to n,m = 6,6 from a normal 
matrix 38 x 38. 
-2 - 
- - 
If we c a l l  t h e  observations used i n  the  adjustment compdtations Li, Lj, q, - 
respect ively,  we can express t h e  harmonic coef f ic ien ts  i n  t h e  following way: 
( L . 1  , (even zonal) - c2v-2 0 c2v-2 0 1 
and t h e i r  d i f f e r e n t i a l s  as 
dC2v-2 0 =cai i dLi ’ 
dC2U-1 0 =xGj j dLj 
- 
(odd zonal) 
( 5 )  
tesseral, 
sectorial 
- -  - 
Here, cyi’ Qj’ ak, Bk are coef f ic ien ts  depending on t h e  observation equations and 
t h e  elemenis of iile iii%-erszs zf t he i r  nclrmal matrices.  
i n t o  (4) leads f i n a l l y  t o  a r e l a t ion :  
Equation (6) introduced 
d r  = d r  (ai, Ej, Ek) , i, j,k = 1,2.. . ( 7 )  
from which t h e  standard deviat ion CT 
(under t h e  assumption of a normally d i s t r ibu ted  e r r o r  system) : 
of the  geocentric radius  r can be obtained r 
0 = f  o 0 c x i  +a2 cx. + G2 q)  i3, 
r ( 2  i O j  J O k  
- -  
i’ denote t h e  standard deviat ions (of  weight u n i t )  of L 0’ “0’ “0 where t h e  0 
L L,., respect ively,  and 
- - 
j’ 
-3 - 
w i t h  the transposed vectors  
? 
................................................................. 
- 
The square matrices 
Izsak’s  least -squares analyses and represent  t h e  c o r r e l a t i o n  i n  t h e i r  so lu t ions  
between t h e  harmonic coe f f i c i en t s .  
inf luence of t h e  zonal terms: 
a re  t h e  inverses  of t h e  normal matrices i n  Kozai’s and 
From equation (8)  w e  a l s o  g e t  t h e  separa te  
r- 
0 r( zonal. odd) 
-4- 
or t h e i r  combination 
1 
2 
0 
i r(even + odd) 
The transformation t o  the  standard deviat ion of t h e  geopotent ia l  is obtained 
by multiplying equations (8) and (11) through (13) with - . aF ar  
The above a n a l y t i c a l  expressions are developed on the  assumption of a 
normal d i s t r i b u t i o n  of t h e  observat ional  e r ro r s .  This may be v e r i f i e d  t o  a 
c e r t a i n  extent  by a ca re fu l  s e l ec t ion  of t h e  numerical d a t a  ava i lab le  
t h e  mathematical procedui-e devised f o r  the ana lys i s  of t h e  observations, e t c .  
Although the absolute  magnitudes of t h e  standard deviat ions may not express 
t h e  a c t u a l  but r a t h e r  some i n t e r n a l  accuracy, we can general ize  t h e  r e s u l t s  
to a c e r t a i n  extent  by computing a normalized standard devia t ion  system, 
making t h e  g rea t e s t  value uni ty  and diminishing t h e  r e s t  i n  a proport ional  
manner. 
used i n  Kozai 's  and Izsak ' s  determinations of t h e  g r a v i t a t i o n a l  po ten t i a l .  
and 
T h i s  new system represents,  then, more general ly  the  "opt ical"  method 
The normalized standard deviat ions (shown i n  Tables I. and 2,  and Figures 
1 and 2)  r e f e r  i n  t h e  case of t he  geocentric rad ius  t o  an equipoten t ia l  sur- 
face, while f o r  t he  g rav i t a t iona l  po ten t i a l  t h e  accuracy is  r e fe r r ed  t o  a 
sphere w i t h  a radius  depending on t h e  space sec t ion  under consideration. 
The computations a re  performed a t  sea  l eve l  (wi th  w = 0 and w = 0.72921 X 10 
rad ians /sec)  and a t  heights  1,000 km, 10,000 km, and 100,000 km above sea 
l e v e l  (w i th  w = 0 ) ;  a t  i n f i n i t y  t h e  standard deviat ions are zero according 
t o  equat ion (10). The numerical r e s u l t s  for t h e  northern and southern hemi- 
spheres were so  close that only one-half of t he  diagrams is  shown i n  Figures 
1 and 2. 
3 
-4 
3Ear th ' s  equa to r i a l  radius  ( 6  378 1.65 m )  plus height above sea  l eve l ;  however, 
t h e  r e s u l t s  a r e  p r a c t i c a l l y  unchanged. if used f o r  an 
in s t ead  . equipoten t ia l  surface 
-5 - 
Remarks t o  Tables 1 and 2 
Geocentric l a t i t u d e  'p: first  column on t h e  l e f t  of each t ab le ;  northern 
hemisphere "+ ," southern hemisphere l r -  ." 
Geocentric longitude h :  f i r s t  l i n e  on t h e  t o p  of each t a b l e  ( t o  be mult ipl ied 
by 10); eas t  of Greenwich I t +  I t  w e s t  of Greenwich ' I -  . I t  
The normalized standard devia t ion  i s  mult ipl ied by 10 i n  t h e  t a b l e s .  If t h e  
ac tua l  standard deviat ion i s  computed with t h e  he lp  of k and k t h i s  
scal ing must be canceled out i n  t h e  f i n a l  r e s u l t .  
U r 
-6- 
Table 1. Normalized standard deviat ion.  Tesseral  ( s e c t o r i a l )  p a r t .  All 
elements are mult ip l ied  by 10. 
-1U-17-16-15-14-13-12-11-10- 9- 8- 7 -  6- 5- 4- 3- 2- 1 Ot It 2 +  3+ 4 +  5t b+ 7 +  8+ 9 t 1 ~ + 1 1 t l Z + 1 3 t 1 4 + 1 5 + ~ b + l r + ~ 8  
90 0 3 0 0 3 3 0 0 3 0 C 0 0 C 9 0 0 0 0 3 0 0 0 0 0 0 0 0 0 C 0 0 0 0 0 0 0  
80 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1  1 1 1 1 I I L l L 1 1 1 1 1 l l l i l l L  
60 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4  
53 556655526555555555555555555555555555555555 
40  6 6 7 7 6 6 6 7 1 b b 6 6 6 6 6 6 6 6 6 6 b b b b h b b b ~ b 6 6 b ~ b b  
7 0  3 1 3 3 7 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 1 3 3 3 3 3 3 3 3 3 3 3 3 ~  
30 r i R 8 a r i 8 8 r r 7 7 7 7 7 ~ r r i i ~ r 7 7 r r ~ b r r 7 r i 8 8 r  
20 9 8 9 9 9 ~ 9 9 9 ~ ~ a ~ ~ ~ ~ ~ ~ ~ a ~ a ~ ~ r 7 8 7 7 r 8 a a 8 9 9 9  
I O  9 9 9 1 0  9 9 1 0 1 0  9 9 9 9 9 9 8 8 R 9 9 8  8 9 R 8 8 8 8 R r 8 8 8 9 9 9 9 9 
-0 10 9 1 0 1 0  9 9 1 0 1 0  9 1 0 1 0  9 9 9 9 9 9 9 9 R998BBRB88884H 9 9 9 9 8 8 8 P 8 8 8 8 9 9 9 1 0 1 0  
-10 99910999999991988998~998~~~~88884~9988888~8888~9999 
-20 ~~~~~888888~~~998~~~~88884~8r88rr88ar8r~rrir~r888~ 
-50 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5  
-70 3 3 3 9 3 1 3 3 3 3 3 3 ~ 3 3 3 3 3 3 3 ~ 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3  
-80 l l l l l l l l l l l l l l l l l l t l ~ ~ ~ l l ~ l l ~ l ~ ~ ~ l l ~ ~  
-30 7 7 7 ~ ~ 7 7 7 7 7 ~ ~ ~ 7 7 ~ ~ ~ b ~ ~ ~ l l l ~ b b b b b b b l l ~ l  
.40 b 6 6 6 6 6 6 6 6 b 6 6 6 6 6 6 6 5 6 6 b b b b b b 5 5 5 5 5 5 5 6 b b b  
60 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 ~ 4 4 4 4  
90 0 0 0 3 0 5 0 3 0 0 0 0 0 0 0 0 0 C 0 0 0 0 0 0 0 0 0 0 G 0 0 0 0 0 0 0 0  
sea l e v e l  (m = o and w = o . p ~ e i  x 104 radians/sec) 
-18 -17-1b-15-14-13-12-11-1@-  9- 8- 7-  t- 5- 4- 3- i- I C *  It 2+ 3+ 4+ 5. 6, 7+ B+ Ptl0*11+12+13+14t15 
90 C C O C O O O O O O O O C C O C C C C C C G C C O O O O O O O O O O  
ec 1 1 1 1 1 1  1 1 1  1 1 1  I 1 1  I I  I I I  1 1 1 1 1 1 1 i 1 1 i i  1 1  
1c 3 3 3 3 3 3 3 3 3  3 3 3 2  1 3  ? ?  ? ? ? 3 3 3 3 3 3 3 3 3 3 3 3 3 3  
00 4 5 5 5 4 4 4 4 4 4 4 4 ~ ~ 4 4 4 4 4 ~ 4 4 4 4 4 4 ~ 4 4 4 4 4 4 4  
5C 5 6 6 6 5 5 5 6 6 6 5 5 5 6 5 5 :  5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5  
4C b b 1 7 7 b b ~ ~ ~ 6 t t l 7 t t t f f t t ~ 6 b b ~ 6 b b a 6 b l  
3 c  i i 8 8 8 r r 8 8 8 r i i  7 7 7 1  1 1 7  i i r r i i 7 7 7 7 7 7 7 a  
2c ~ ~ 9 9 9 ~ 9 9 ~ 9 e e e e i e e e e e e ~ e ~ ~ 1 ) ~ e r ~ 1 ) 1 ) ~ ~  
IC 9 9 9 1 0  9 9 1 0 1 0 1 0  9 9 9 5 e 8 e e 5 5 e 9 9 9 e e 0 B 8 7 I )  I )  I )  9 9 
-c 9 5 1 0 1 c  9 9 1 0 1 0 1 ~ 1 ~  9 9 5 5 8 e 5 5 5 e 9 9 9 9 B B B I )  8 I )  I )  I )  9 9 
-IC 9 9 9 1 0 9 9 9 9 9 9 9 9 5 5 8 e 5 s a e s 9 9 ~ a a s s e s e e s 9  
-2c ~ ~ 9 9 ~ ~ 9 ~ ~ 9 e e ~ e ~ ~ ~ e i ~ e ~ ~ ~ ~ r 7 ~ ~ ~ ~ r ~ ~  
- 3 c  r r r r r r 8 i i i r i i i i i 1  i r i e i i r r r 6 6 6 6 e 6 7 1  
-4C b 0 b b b b b b b b C t t t 6 t t t 6 C d 6 6 6 8 6 6 6 ~ 6 6 b  
-50 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5  ' 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5  
-CC 4 4 4 4 k 4 4 4 4 4 4 4 4 4 4 4 ~ 4 4 4 4 4 4 4 4 4 ~ 4 4 4 4 4 4 4  
- rc  3 3 3 3 3 3 3 3 3 3 3 3 ? 3 3 3 ? 1 3 ? 3 3 3 3 3 3 3 3 3 3 3 3 3 )  
-ec 1 1 1 1 1 1  i i  1 1 1  I I 1 1 1 1  1 1 1 1 i i i i i r i l 1 1 1  1 1  
- 9 c  c o o o o o o o o o o c c c o c c  c c c c c c c o o o o o o o o o o  
1,000 km elevation ( w  = 0 )  
tl6tll+l8 
0 0 0  
I 1 1  
3 3 3  
4 4 4  
6 5 5  
1 1 6  
1 1 1 7  
9 9 8  
10 IO 9 
10 10 9 
9 9 9  
i i i  
1 1 1  
6 6 6  
5 5 5  
4 4  
3 3 3  
1 1 1  
0 0 0  
-lR-17-1b-15-14-13-12-11-13- 9- 8-  I -  b- 5- 4- 3- 2- I O* 1+ 2+ 3* 4+ 5i' bt l+ 8+ 9 + ' 1 0 ~ 1 1 + l 2 t l 3 * l 4 + 1 5 t l b + l ~ ~ 1 8  
9 0  0 0 0 0 0 3 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 O 0 0 0 0 0 0 0 0 3 0 0 0 0 0  
80 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 l l l l l l l l l l l l l l l l l  
70  3 3 3 3 3 7 3 9 3 3 3 3 3 3 3 1 3  3 3 9  3 3 3 7  3 3 3 3  3 3 3 3  3 3 3 3  3 
60 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 C 4 4 4 4 4 4  
50 5 5 6 6 5 i 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5  
40 b 7 7 7 b b b h b b b b b b b b 6 b b b b 7 7 h b b K b b b b 5 6 b b b b  
30 r i 8 ~ 1 7 i i 8 i r i i i i r i r r r 8 8 8 r i r ~ i i r r r r 7 i r i  
20 8 8 9 9 8 5 8 4 9 8 8 8 ~ q 8 r i i i 8 9 9 9 ~ r r l a 8 8 ~ ~ 8 8 1 ) ~ ~  
I O  8 ~ 9 9 ~ ~ 8 9 9 9 9 ~ ~ ~ ~ ~ 8 ~ ~ 9 9 1 0 9 ~ 8 r 8 ~ 8 ~ ~ ~ 9 9 q 9 e  
- 2 0  ~ 8 8 8 8 ~ 8 5 8 5 8 8 ~ ~ 8 8 i i r 8  I ~ ~ ~ ~ ~ T ~ B B E B R R ~ L I ~  
- 3 0  ~ ~ ~ ~ 9 9 a r r 7 i r i 5 ~ r r b r r ~ 8 8 i b i i r r r r i r r 8 ~ ~  
-0 9 7 9 L) 3 i 9 7 3 9 R R R 8 8 8 8 8 9 1 0 1 0 1 0  9 8 8 8 8 8 8 8 P 9 7 9 9 9 
-10 9 9 9 9 9 ? 9 ~ 9 7 9 8 H 8 8 8 8 8 8 V ? i J P ? ? ? ~ R R 8 8 3  9 9 9 9 9  
-40 7 7 7 7 7 1  l h b b b b 7 7 7 b 6 b b b 7 7 b b b b b b b b b 5 b b b b 7  
- 5 0  5 5 b h b 5 5 5 5 5 5 5 5 6 6 5 5 5 5 5 5 5 5 ! 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5  
- b O  4 4 4 4 4 4  4 4 4  4 4  4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 5 4 4 4 C C  4 4 4 4 4  
- 7 0  3 3 3 3 3 3 3 3 2 2 3 3 3 3 3 3 3 7 2 2 2 2 2 2 3 3 3 3 3 3 3 3 2 2 2 3 3  
- 8 0  1 1 1 1 1 1  1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 ~ 1 1 1 ~ ~ 1 1 1 1 1  
-90  0 0 J 3 3 J 0 3 5 0 3 3 J 0 0 0 0 0 0 0 0 3 0 0 0 0 0 0 0 0 0 3 0 0 0 0 0  
10,030 km elevation (w  = 0) 
- 1 8 - 1 1 - 1 b - 1 5 - 1 4 - 1 ~ - ~ 2 - ~ ~ - ~ 0 -  ? -  8- I- 6- 5- 4- 3- 2- I O+ I +  2+ 3+ 4+ 5, bt 7 t  8 +  9 + I O t l l + l 2 + 1 3 P 1 4 ~ 1 5 + l b t l ~ P l 8  
90 O O O J 3 O O 3 O J O J O O O O C O O O O O O 5 o o o O O ~ ~ ~ O O ~ ~ ~ O O O  
80 0030010~31050000000000000000003)0002300000 
70 1 1 1 1 1 1 1 1  1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 l l l l l l l l l  
6 0  2 2 3 3 3 ~ 2 L Z L 2 3 3 3 2 2 2 2 2 2 2 2 2 2 2 2 Z 2 2 3 3 2 2 2 2 2 2  
411 5 b h b b 5 5 5 5 5 5 6 b b b 5 5 5 5 5 6 b b 5 5 5 ~ 5 b b 6 ~ 5 5 5 5 5  
50 4 4 4 4 4 ~ 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4  
30 r r 1 i i 7  7 6 6 7 7  i i i 7 r h b r 1 r r 1 i r b b r r r 1 r r r b l r  
2 0  8 8 9 ~ ~ 9 q q 8 q 8 9 9 9 ~ 8  7 1 8 q 9 9 9 8 8 7 8 8 8 9 9 ~ e s s n ~  
10 9 7 V l Q  9 7 9 s R 7 9 9 1 0  9 9 9 R 8 9 9 1 0 1 0  9 9 8 8 8 9 9 1 0 1 0  P 9 9 8 8 9 
-0 9 7 1 3 1 3 1 7  I 9  4 7 7 9 l i ) l O l O  9 9 8 8 9 9 1 0 1 0 1 0  9 9 8 9 9 9 1 0 1 0 1 3  9 9 9 9 9 
- 1 0  9 9 ' I 1 0  9 > 9 1 9  P 9 9 1 0  9 9 9 8 9 9 7 1 0 1 0  9 9 9 B 8 9 9 1 3 1 0  P 9 9 I )  R 9 
- 2 0  R R  0398q8~~~778~~~~~999~88~8~998~~~~88884~9~qee8~~ 
- 3 0  i i i i r i i i r r r  i r r 7 7 6 6 7 7 r r r r i b l r r r r 7 r r r l r  
-40 5 b b b h 5 5 5 5 5 b 6 b b h 5 5 5 5 6 b b b b 5 5 5 b b b 6 5 ~ 5 5 5  
- 5 0  4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 ~ 4 4 4 4 4  
-60 2 2 3 3 3 2 2  7 2 2 2  3 3 3 3 2 2 2 2 2 2 2 2 2 2 2 2 2 2 3 3 2 2 2 2 2 2  
- 7 0  l l l l l l l l l l l l l l l l l l l l l l l l l l l ~ ~ l l l l l l ~ ~  
-80 5 3 ~ 3 5 3 ' 7 ~ 0 0 0 0 0 0 0 5 0 0 0 0 0 0 0 0 o o o o 0 0 0 0 0 0 3 0 0 0 0 0  
- 9 0  0 0 0 0 0 ~ 0 D 0 Q 0 0 0 0 0 0 0 ~ 0 0 0 0 0 0 0 0 0 0 0 0 0 3 0 0 0 0 0  
100,030 Irm elevatton (w  = 0) 
-7- 
Table 2. Normalized s tandard deviation. Combined e f f ec t  (zonal and tesseral ,  
s e c t o r i a l  p a r t ) .  A l l  elements are  mult , iplied by 10. 
-1R-11-16-15-14-13-12-11-10- 9- e -  1- 6- 5- 4- 3- 2- 1 O+ I t  2 +  3t 4 +  5 +  b+ 7t 8t 9+1C+11+12+13t14+15+16~17+1fl 
9 0  b b b b 6 b 6 6 6 h h b b b 6 6 6 b b b b b b b b b b b b 6 b b b b b b b  
80 2 2 2 2 2 2 2 2 2 2 2 2 ? 2 2 2 2 2 2 2 2 2 2 2 ? 2 2 2 2 ? 2 7 2 2 2 2 2  
10 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 3  3 3 3 3 3 4 4 4 4 4 4 3 3 3 3 4 4  
60 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4  
50 5 5 6 6 5 5 5 5 5 5 5 5 5 5 5 5 5 2 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5  
40 b 6 1 1 6 b 6 6 1 6 6  6 h b 6 b b b b b b 6 b 6 6 h b b 5 6 b h b b b b b  
30 ~ l 8 8 l l ~ ~ R ~ 1 l 1 l l l l l l 1 l l l l l l l b b b l l l l 8 ? ~  
10 9 9  9 1 0  9 9 1 0 1 ‘ 1  9 9 9  9 9  9 8 R R 9  9 R 8 9 8 8 8 R 8 8 8 8 E f l  9 9 9 9  9 
10 9 9 9 9 9 9 9 9 9 9 9 9 9 9 8 R ? 9 8 R 9 9 f l q f l f l f l R f l 8  R ( 1 R 9 9 9 9  
30 l l l 1 l l l l l l l 6 6 l 7 1 b 6 b 1 7 7 b h l 6 b b h b b h 6 b l ~ ~  
-40 6 b 6 6 6 6 6 6 h b 6 5 5 6 b b 5 5 5 b b b 5 5 b 5 5 5 5 5 5 5 5 5 b b b  
bO 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4  
20 f l R 8 9 ~ ~ 8 ~ 9 f l f l ~ f l 8 8 ~ ~ 8 a i f l 8 f l u ~ i a i ~ 7 R ~ 8 8 9 ~ ~  
-a 10 9 1 0 1 o i o  ~ 1 0 1 0 1 c 1 0 1 o  9 9 9 9 9 9 9 9 9 9 9 9 9 9 a 8 R R 8 9 9 9 9 9 1 0 1 0  
2 0  R R  8 8 R a a a E R R 8 n 8 i i 8 8 i 7 R R i i 7 i i i 7 7 1 7  7 8 R E  8 
’io 5 5 5 5 5 5 5 5 5 5 5 5  5 5 5 5 5 4 5  5 5 5 5 5 5 5 5 4 4 5 5 5 5  5 5 5 5  
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, Numerical r e s u l t s  ---- 
1. Constants and coe f f i c i en t s  
a )  Constants used: 
p, = 3.986032 x lo2’ cm3 ~ e c - ~  (mass of t h e  
Ea r th  x grav i t a t iona l  constant)  
a = 6 378 165 m ( equatorial r ad ius )  
w = 0.72921 X 10 -4 radians/sec (Ea r th ’ s  angular ve loc i ty) .  
b) Harmo ic coe f f i c i en t s  obtained by least-squares  methods ( Izsak ,  
Kozaif 
Zonal Coeff ic ients  (Kozai, 1964) 
2.546 x 
0.210 
0.333 
0 053 
-0.302 
30 
50 
70 
90 
-1 082.645 x C 
1.649 C 
-0 646 C 
0.270 C 
0.054 
c20 
‘40 
60 
80 
‘110 5 0  0 
5 2  0 0.357 0.114 0 
-0 179 ‘14 0 
= -J as used by Kozai  (1964). ‘no n 
Orbi ta l  parameters of t h e  sa t ,e l l i t , es  used f o r  
t h e  determination of t h e  zonal coef f ic ien ts .  
Sat e l l i t  e i e a X lo3 km 
1959 
1959 71 
1960 22 
1961 ij 
1961 0l ,2  
1961 a61 
1962 CYB 
1962 Bpl 
1962 Bu 
32: 8 
33.4 
28.8 
66.8 
95.9 
44.8 
50.1 
47.5 
47.2 
0.16 
0.19 
0.01 
0.09 
0.01 
0.01 
0.24 
0.01 
0.28 
8.29 
8.48 
7.97 
7.53 
7-33  
9.69 
7.53 
10.78 
10.01 
-11 
Tesseral  ( s e c t o r i a l )  coeff ic ient ,s  (Izsak, 1965) 
2.08 x 
1.60 
0.38 
-0.17 
-0.38 
0.20 
0.69 
-0.11 
-0 14 
0.24 
-0.67 
-0.13 
0.08 
-0.02 
0.05 
0.05 
0.07 
-0.28 
-0.12 
-6 -1.25 x io 
-0 04 
-0.80 
1.40 
-0.40 
0.58 
-0.10 
0.43 
-0 04 
-0.27 
0.05 
0.16 
-0.41 
0.12 
-0.23 
0.00 
-0.39 
-0.38 
-0- 59 
Izsak (19611, p.  2630) qives  the  norrnalizat,ion coeff ic ien t , s  f o r  t h e  t r a n s -  
formation o f  t h e  normalized values C iiit,o t h e  convent,ional values c . - rim rim 
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C 
I 
Orbi ta l  parameters of the sa t e l l i t e s  used f o r  t h e  determination 
of t h e  t e s s e r a l  ( s e c t o r i a l )  coe f f i c i en t s .  
NO. of ob- 3 S a t e l l i t e  i e a x 10 km 
serva t  ions 
1959 C Y 1  32:9 0.16 8.30 3552 
1-959 Q2 32.9 0.18 8.49 226 
1-959 7 33.4 0.19 8.50 2644 
1960 22 47.2 0.01 7-97 6809 
1961 95.9 0.01 10.01 3435 
1961 01 66.8 0.01 7.32 972 
1961 02 66.8 0.01 7.32 432 
1962 C U C ~  44.8 0.24 9.67 1625 
1962 P P I  50.1 0.01 7-51 1239 
1962 Pu1 47.5 0.28 10.76 222 
1961 61 38.9 0.12 7.97 5088 
2 .  Inverses of t h e  normal matrices.--The maLzices Q and can be derived 
L - 
from t h e  equ-ations of condiLiori pu-blished b:l Kozai (1964). Izsak's matrix I$ 
LI 
was taken d i r e c t l y  from a computer t ape  used i n  h i s  t e s s e r a l  harmonics program. 
3. Standard deviat ion of t he  gravitat , ional p o t e n t i a l  and of t h e  
geocentr ic  radius  
a) Individual  e f f e c i s  
I n  F i q r e  1 t h e  normalized standard deviat ions a r e  p_A,t,ed as funct, .ons 
of t h e  geocentr ic  la t i t Jude .  
k 
t i a l  o r  of t h e  geocentr ic  radius  or ig ina t ing  from t h e  zonal (even, odd) and 
t ,esseral  inf luences (see Table 3 ) ,  respect ively.  The r e s u l t s  at sea l e v e l  
can be used both f o r  (w = 0.72921 X 10 
di f fe rences  a re  p r a c t i c a l l y  ne ; l i q ib l e .  
If w e  multiply t h e  values with t h e  coe f f i c i en t s  
o r  k U r w e  ob ta in  t h e  a c t u a l  standard deviat,ions of t h e  g rav i t a t iona l  poten- 
-4 
radians/sec)  and (u = 0) because t h e  
-13 - 
Table 3 
1, Standard 1 I hoe- pven zonal pa r t  1 Odd zonal pi 
5 1 ku[cm2/sec2] 1 0.45 x 10 1 0.81 x 10 
5 
3 0.25 x io 
k r b 1  1.4 t - -  k;U[cm2/sec2] 1 0.85 1 0.24 1.7 0.16 0.05 
~~~ 
Tes s e r a l  
( s e c t . )  pa r t  
6 0.14 x 10 
c; -- 
133 
0.57 X 10’ 
77 4 0.15 x io 
9.9 
4.1 
1.2 
- -~ 
Height above 
sea l e v e l  (km) 
0 
1,000 
. -  
10,000 
1.00, W O  
The even zonal par t  produces t h e  highest  inaccuracy a t  t h e  poles and a t  
t h e  equator while t he  standard deviat ion becomes a minimum i n  t h e  middle l a t i -  
tudes.  This a l s o  holds t r u e  f o r  t h e  odd zonal pa r t  except a t  t h e  equator where 
t h e  standard devia t ion  i s  zero f o r  t h e o r e t i c a l  reasons.  If w e  average t h e  
t e s s e r a l  influence (Table 1, pr  16)  
a s inusoidal- l ike l i n e  which o r ig ina t e s  a t  t h e  poles  and reaches i t s  maximUm at  
t h e  equator. 
standard deviat ion as a func t ion  of t h e  longitude (Table 1). Hence t h e  maxima 
and minima of t h e  equipoten t ia l  surfaces  a r e  as we l l  determined as, f o r  
example, a re  t h e  f l a t t e r  areas, and t h e  standard devia t ion  seems pr imar i ly  t o  
be a funct ion of t h e  l a t i t u d e .  
along a l a t i t u d e  curve w e  obtain f o r  comparison 
O f  p a r t i c u l a r  i n t e r e s t  i s  t h e  almost independence of t h e  
4 
b) Combined e f f e c t s  
I n  Table 2 we show t h e  combined e f f e c t  of all t h r e e  inf luences:  t h e  even 
and t h e  odd zonal, and -the t e s s e r a l  pa r t s .  These values a r e  normalized again 
and assigned w i t h  the  proper coe f f i c i en t s  k k f o r  t h e  comput,at,ion of  t h e  
standard deviations i n  t h e  g rav i t a t iona l  p o t e n t i a l  and geocentr ic  rad ius ,  
respect ively (see Table 4 ) .  A t  sea l e v e l  t rhe  accuracy i s  a p i n  minimal at 
the  poles and at, t h e  equator, while at hi.yher e leva t ions  t h e  most accurate  
a reas  a r e  around t h e  poles because of t h e  dominating inf luence of t h e  nonzonal 
part,.  Taking t h e  mean d o n 2  a l a t i t u d e  curve of Table 2 we compare t h e  values 
w i t h  t h e  normalized standard deviat ion of the combined zonal p a r t  (even and odd) 
i n  Figure 2.  
U’ r 
The values at  100,000 km e leva t ion  r e f l e c t  t h e  r e s u l t s  expected f o r  a t h r e e -  
a x i a l  e l l i p so id  of revolut ion.  
4 
-14- 
c 
Even and odd 
zonal pa r t s  
( s e c t o r i a l )  par t s  
I 
Table !-t 
Height above 
sea l e v e l  (km) 
\,Standard 
___- 
0.14 105 
19 
0.32 103 
2.2 
0.86 
0.24 
___ 
__ 
0.58 105 
1,000 
79 
0.15 x i o  
9.9 
4.1 
1.2 
-3 - __ 
10,000 
100 , 000 
6 
0.92 x i o  1 0.14 x 10 
94 I 144 0 
The coe f f i c i en t s  kv and k 
depend on t h e  number of observations,  t he  computational process used by the  
authors ( Izsak,  1965) ,e tc .  This is ac tua l ly  the reason why it i s  so  hypo- 
t h e t i c a l  t o  combine d i f f e r e n t  s t a t i s t i c a l  systems (as i n  t h i s  sec t ion) ,  
except f o r  some very general  statements such as those mentioned above. 
have l i t t l e  meaning because they s t rongly  r 
Conclusions 
The standard deviat ions i n  I z sak ' s  and Kozai 's  l e a s t  -squares procedures 
r e f l e c t  t'ne spread between the  camera observations and the  mathematical models 
devised f o r  the determination of the harmonic coe f f i c i en t s .  
values as i n t e r n a l  s t a t i s t i c a l  indicators,  we f i nd  t h a t  the accuracy (combined 
e f f e c t )  of t'ne geopotent ia l  and the  geocentric radius  i s  g rea t e s t  i n  the  middle 
l a t i t u d e s  and decreases toward the poles and the equator.  For geodetic pur- 
poses t h i s  means t h a t  one may r e f e r  i n  the grav i ty  f i e l d  (derived from these 
harmonic c o e f f i c i e n t s )  and its geometric s t ruc tu re  with some advantage t o  
parameters (i .e., E a r t h ' s  radius,  gravity,  e t c .  ) of middle l a t i t u d e s  r a t h e r  
t'han those of  the  equator.  
Using these 
-15 - 
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